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duection

11s article the nature of an arbitrary distribution f,
reneous of degree » for a complex a , 1s described in

s of an expansion sz:bmn r Smn in spherical harmonics,
-he Fourier transform is shown to have the form

bon Xm(x) r? S+ The form of these expansions 1is

1tly different for certain integer values of a . The
1sion of singular integral operators in spherical

>nics as in [2] together with the discussion of

zeneous distributions in [3] , form the background of
investigation.

Ve consider distributions on real p~dimensional space
Poings in Ry are denoted by X=(X1,...,X/), and

= X, . The spherical coordinates (r,w) of x are

rmgned by r=|x|, X=rw . The unit sphere in Ry is denoted
Jeveral spaces of test functions on R, appear, namely
DeS, all consisting of infinitely differentiable

tions. Those in Dy vanish for |x| 2 K; those in S have
q(a/éxq,...d)a/bxy)y bounded for each polynomial p

3; and D= qu Dg+ In S (in Dy ) there is a base of
hbourhoodsKof zero given by U -{yugﬂ in S (in Dg )

x| )™ lD @p(x) | <1/n for 0 £ kké nt, where D runs

all differentiations ak/bx 1... 2%, ¥ of order k. D
sually not given a topology. At time the alternate notations
| < K), D(Ry), and S(R,) are used.

The spaces DK' and S' of distributions are respectively

continuous linear functionals on Dg and S; and D _(1 Dy
K=1

s'eD' cDK'. Sometimes the notations D'(R,) and S'(R,)
used. The value of the distribution f on the test function
{(ts9)-
D({)) is the space of ¢® functions on the unit sphere ),
a base of neighbourhoods of zero given by
[y/ ID (x/lx])< 1/n, for 0O £k & n and |x| & 1} . D'(Q)




D

hen the space of continuous functionals on D(fl).

For ¢ in 8, ¢, is defined by yt(x)= ¢(t x). Since

a continuous function f homogeneous of degree a , with
)> -4, we have_[f(x) y(x)dx=t%+’<ff(x)y(t x)dx, the
owing definition (given in [3]) is natural.

nition 1. The distribution f in D'(R,) is homogeneous
egree A if and only if, for each t> O, f,¢D = 7‘+y<f,99t>.
The steps to the main theorem are as follows:

obtains for Re(a) > -7 & representation ferF, where F

n D'(!l); g8 2 discusses the convergence of the

nsion in spherical harmonics of a distribution F in

L); 8§ 3 computes the Fourier transform of the individual
s in the expansion of f; § 4 combines these into the
rem, and makes a few applications.

Here we establish Lemma 2, and the following corollary:
, is any complex number, and f is in D' and homogeneous
egree 2 , then f has an extension in 8'; i.e. f is
inuous on the larger space S.

nition 2. Let Re(a)> -#, and ¢ be in S. Then P ¢ 1is the
tion on () defined by (P ) (w)= / £ A+ 9’(tw)dt.

O A4v-1 n

P, is continuous from S to D(N ), 31nce'/ t D p(tx/1x1)
)

be estimated in terms of the supremum of (1+lxl)mID y(x)l

k£n and sufficiently large m.

nition 3. If F is in D'(N), and Re(a)> - #, then r’F is
distribution in S'(R,) defined by {r> F,¢) =(F,P ¢) .
A

Since P is continuous from S to D({f1), the composition
and P, is a contlnuous linear functional on S. Informally

ten, (r F.g) = ./ (r F(w), y(rcu)) r Tar.

nition 4. Let a(t) be a non-negative CG) funection on R1
support in 1/2 £ ¢t £ 2, Then for y in D(fl), Ay 1is

ned by (hyy) Gmalz T Y G/1x)/ [ a(t)dt.
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Chus Am depends on the arbitrarily chosen function a(t); //"
since we consider a fixed a(t) this dependenceis not ’
zated in the notation. It is clear that A, is continuous
D({L) to D(ixl< 2).

Lemma 1. Let Re(a)> -/, and £ in D' be homogeneous of

se A . Then {(f,¢) =<£f, A P w) for each @ in D.

Proof. The basic calculation is

(jé a) <f’A7\P39p> = <f(x),1x|a(lxg‘) 4
(7 P (G, [pmatix /)1 /5] Yas

> M P(sx)ds)

o
(00

[ 572 (£ (x),x)a(]x]/s)|x| > ds

o0

(£ (x),p(x)a(t]x])1x| ) dt

I
o™

I

(00
(£(x),p(x) [ a(tixl)a(tlzd)
o}
00
(/g a) <f,9ﬂ>.'

interchange off and { > seems to be difficult to justify
ss ¢ vanishes in a neighbourhood of the origin, so we first
ider a ¢ with ¢ =0 for |x|£€ £ 1/2 and |x|Z2 M 2 2, Then the
rchanges can be Justified by showing that if y and Y4 2re c®
tions vanishing for |x|£ € and |x|= M, and & is any complex
er then, in the topology of D(|x|< M), ¥4 (x) /A s* (sx)ds —

) /oo s“y(sx)ds and y.4(x)(A/N) 5;1 (/Y pAAnx/N) —
o)

s‘by(sx)ds. Since the derivatives of each of these expressions
linear combinations of the same type, it suffices to show A

[ ysas— /% ena /) 3 (/0 plam/ N[

ormly in € £|x|& M, for each « .
the first we have in |x|Z€ that j/ sy (sx)ds]|

o) (1+;x1t)k|\//(tx)| (1+t)k(1+£t) J‘{oo sRe('w)('Hs)—k ds ;
y X
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sing k » Re(w)-1 yields the result. For the convergence
he Rie§ann sums, we have
(A/M) T| € (4%/N) mpax | as“y(sx)/as]
o1 €2 |xX| =M
e y(y) vanishes for |y|Z€ , we need only consider
$s A, and.xngxm | ds™y(sx)/ds| is finite.

<s2
This justifies formula (1), and hence completes the lemma,

functions ¢ vanishing in a neighbourhood of the origin.
if g is defined by <g,¢)= <f,A;\P7‘ R thean—g has
ort {x = O}, and hence (see [4], p.99) f-g= ;' Ln.J,

e Ln is a homogeneous differential operator of order n
constant coefficients.
the nth term of this sum is homogeneous of degree -Ven,
g is easily shown to be homogeneous of degree .a . Since
ributions which are homogeneous of different degrees are
arly independent (see [3], p.86), we are led to f=g, and
a 1 is proved.
Now it is easy to define an F in D'({1) such that f=r’F,
such that {(f =(F,P¢¥): set (F = (f,A . Then
7> = {£,A P<¢7;Z><F<P ',> 7a\tl:>desir’ed<. ;::>s iie’o?‘fzhe
N7 200" A s B p
trariness in A,, F is unique; for if y is in DY) we
y=P Ay , so that r? G=f implies <G,y> =‘<G’PA AAf>=
Ay =<F,y/> for each y .
we have established

Lemma 2. If Re(A)> -#, and £ in D'(R,) is homogeneous
egree A , then there is a unique F in D'(!l) such that
"F.

Corollary., If f is in D'(R.y), homogeneous of any complex

ee A , then £ has an extension in S'.

Proof. If Re(ar)> -7/, this follows from Lemma 1; for A, P,
ounded from S to D(|x|¢2), so <f,¢> = <f,AAPm¢> defines the
nsion. If Re(A) & -7, choose an integer k so that

k

e(a)> -7 . It is easy to check lx)2 f is homogeneous of

‘ee 2k+2 , hence continuous on S; and if X(|x[) is a c®
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off function such that X(]x|)=1 for |x[% 1, X(]xi)=0
x| 2, we have

(£ap) = (£ +(1x17 £, 1x1 PR (10 9)

p—=X¢ is continuous from S to D(|x|<2), and
x)'zk(1-X)¢ is continuous from S to S, so the right
side of (2) is continuous on S.

The-spherical harmonic expansion in D'({1).

Let Sm denote a real-valued normalized spherical harmonic
egree m; thus Sm is the restriction to 1 of a homogeneous

' £ = (
onic polynomia? of degree m, and é-jSmF 1. Let lsmn}

te an orthonorma. basis for Lg(fl) consisting of such
rical harmonics, Smn being of degree m and n running from

(Cm+?/-2) (m+#/-3) 1 /mi (#-2) (see [1],p.237). If we define
perator L on D(2) by Ly = the restriction to L1 of
x/)x) ), we have from [2] that

_m(m+7-2)f{ S ¥ =,r{ Sun LY -

same reference shows that there are constants Ck m such
Ed

DS (x/1x1) & Gy w2 wn a2 1,

e Dk is an arbitrary differentiation of order k.

Each y in D({1) has an expansion y =} 8un Spne. With
. -k

ﬁ[ S, ¥ - The estimate (3) shows that a  =0(m ™)

every k. Taking into account the number of Smn for

m, estimate (4) then shows that 2 a Smn and all

derivatives converge uniformly in ix|= 1, so that the

es converges in D({l) to y .
To each F in D'({).) there corresponds a sequence of

ficients b_=(F,S ) . If we set Fyy= 2_
mn * T mn M®T 0T n F Pm Sm’

F,, converges weakly to F:

M
,V>’= Z; E: b a ==<F5¢: y4<F,w> for each y . Since

m=M n mn mn
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2 %; ‘bmn & n ex1sts for each { mn} such that

O(m K) ror all k, it follows that b_
We now have the expansion described in Theorem 1 below

the case Re(A)> -7/ . Expend the F of Lemma 2 as

- A 7
ro o Spne Then‘Z§:bmn r”§  converges weakly (in

. to £, since lim e —
/) ’ M- r%;M zr:i Pmn <1 Smnssp> B

JB @Y = (F,P,¢) = (£,¢)

=O(mk) for some k.

Fourier transforms.

For Re(A)> -/, r;\Sm(w) is a locally integrable function
with polynomial growth at oo, hence defines a distribution
'y homogeneous of degree A . Here we compute its Fourier
isform (r S )A, and consider the analytic extension to
)& -7 . The method of calculation is borrowed from [2].
The Fourier transform of ¢ in S is the function y
ned by yA(y)=j'eiX’y w(x)dx; this is a continuous 1-1
isformation on S, whose inverse is given by
=(2n)'1<[e_ix°yyx(y)dy, (See [5]s p.105). The Fourier
isform of £ in S' is the distribution £"in S' given by
p) = <f,¢“>. Thus “and “are reciprocal isomorphisms on S'.
has, immediately, for an arbitrary polynomial P, that

[P(x)] "=(27U)y P(-1 ®/8X 50005-1 ®/oxX )8

[P(a/@X,‘g ° o 096/8XI))S] A=P("ix,‘3 oo og"ixi,'/) °

It is easy to see that the distribution (r“ Sm)A correspond:

;he function (r’ S ) (y)= 1lim j’ |Xf e—ix’ysm(x/lxl)dx
€0 € |xI21k

all values of a such that this limit exists uniformly in
1 ball |y|& K. This turns out to include the strip

‘Re(a)< (1- #)/2. The analytic expression obtained in this
lp is then valid for all values of A , by analytic con-

1ation.
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Consider thus -/ <Re(r) < (1-2)/2, and set x=rw, y=p7"
=ir)=1); then (r” Sm)’“(/a )=

1£
/ rz+¢¢1j{ Jipre.w 5_(©)afN dr=

€
16 y
il il .!l g 8Ty Sm(w)dﬂ ds.

her calculation depends on the formulas

3 . © K
g1S COS¥ oA [(a)s a g;b (1) (k+a) Jk+a(s)ci (cos @)

([11, p.213),
e C;(t) is a Gegenbauer polynomial;

ﬂfcja(v.w)sm(w)dﬂ = &, Sm(a")4n1+a/(2m+i/—2) M(a)

([1] 2D 2UT7);

(0.0 P
A+7/2
{g t Tn-1+zy2(t)at =

2 [ ((mereny/2)/ T((a=2)/2),

for -m-7<Re(a) < (1-7)/2. ([1], p.49).

setting the letter a in formulas (7) and (8) equal to
)=1, we obtain

[ 187 5 (w)af =

0
2x2(-1)™s/2) 172 5L n(s) S (7,

(2} 5 )~(p 7 )07 s () (-1)"% /222 T (me ) /2)/

[(m-2)/2),
-7Y<«Re(a) =(1-7)/2. It follows easily that for the same

les of »

(8 )" (o) ™ % () (1) 7227 [ (meven) /2) /T (-2
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Then, if r“Sm is defined for all 2 (except possible poles)
as the analytic extension from Re(n)> -7/, we have for alla

13) [/ T((meen)/2)] (s )%=
A=V

[-0)" 272 2™/ P ((m-n)/2)] 2277 s .

m

Since for any a either Re(a)> - # or Re(-a-7)> -+, at least
one of r’Sm and r-z-”lsm is always defined as a regular
distribution. Formula (13) then defines the other of these

as a Fourier transform or inverse Fourier Transform, except
for the values of A which yield a pole of the gamma functions
occurring in (13). In this way rASm is defined by formula (13)
as a ‘distribution in S'(R ) except for a=-F/- m-2k, k=0,1,2,...
The fact that this extension is possible can also be checked
directly by a using a Taylor expansion of the test functions;
this is done for the case m=0 in [3].

Since at least one side ify (13) is always non-zero, the
poles of the gamma function do not correspond to the zero
distribution, but rather to distributions concentrated at the
origin. In fact, if »=m+2k then rASm is rngm, where Hm is a
harmonic polynomial. Thus from (5) we have

ayy  (£FRK sm)"z(zx)ﬂ/(-i)m*zk A (o/oxqs 0+ s0/0%)
and
15) (@K g )v=(1)™FE A (s, .., 2 /o),

where A is the Laplacian, and the & is Dirac's.
Thus r” Sm’ defined for Re(a)> -+ as a regular distribution,

has an analytic extension to the whole complex = =-plane except for

poles at a=-m-2k. Its Fourier transform 1is given either by (13)
or by (14), and the inverse transform by (13) or by (15).
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3 4 The expansion and transform of a homogeneous distribution

Theorem 1. Let f be a distribution in D'(R1), homogeneous
>f degree a , and r S.n ke defined for a# -=¢,=7-1,... by
analytic continuation from Re(a)> - .

1) If A is not an integer of the form -#-k (k=0,1, 00¢),

chen f= 2% bmn r™ s n? where pmnmo(mk) for some k, and

m

the series is weakly convergent in S'(R.).

ii) If = -7-N for some N=0,1,..., then

2 -
E=PN(a/ax1,..., 6 /5%/)8 + Yy = b T N
=T ,
nomogeneous polynomial of degree N, & is the Dirac & , and Z*
m

is the sum over all ma 0 such that m#N-2k for a k=0,1,2,... .
The series converges as _in (i).
iii) The Fourier transform of f is obtained by term- by.-term

application of (13), (14), or (6).

Smn’ where PN is a

Proof. Part (iii) follows from the fact that the Fourier
transform is continuous in the weak topology of distributions.
Part (i) follows, for Re(a)> - 7, from Lemma 2 and the last
paragraph of § 2. If Re(a) £ -7, then a trivial check shows
that £~is homogeneous of degree -a-+/; and Re(-a-#) ® 0, so £7
may be expanded as in (i). Applying the inverse Fourier transforn
term-by-term yields the expansion for f.

An immediate consequence 1is

Corollary 1. Any distribution homogeneous of degree ‘A ,
a£ -v/-N, has the form r? F, where F is in D'(N). If 2= -¥-N,
then f=PN(a/éx)5 + p 7N F, where F is orthogonal to all Sm
with m=N, N-2,... .

We say that a distribution F in D'(£L) corresponds to a
distribution £, =r *F in S'(Ry) if and only if, for eachy S
vanishing in a neighbourhood of the origin, {f,¥) = '/ o -1
(F, y%) dr. Thus if A=-#-N, the f  above is not uniqlely
determined by F.

Corollary 2. For each F in D'({1), and for a# -#-N,
there is a corresponding unigue distribution fh =r* F.
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f a=-#-N, there is a corresponding,f% if and only if
FIS n> =O fOI’ m=N,N"2,ooo °

Proof. Let F=Z:bmn S+ If A# ~-7-N, then f, is uniquely

A
letermined as £, =y Yb_r” S . If A= -7/-N, and £_,,

iorresponds to F, we can expand f =
~yY=N_

3(' 7

Elcmn r7 N g ntP (a/éx)é’
\pplying f /=N to A S m Ve find that Cn™ bmn for all m,n,
ind that bmn vanlshes for those m not occuring in Z_. The

>olynomial PN is thus arbitrary, and the rest determined by

-
Yo

It is easy to show that, when it exists, ra °F is the
snalytic extension of r” F from Re(n)> - 7.

Applying Corollary 2 to regular (integrable) distributions
in D'(f)), we have

Corollary 3. If f is a function homogeneous of degree 2
and locally integrable in |x]|Z 1, and a#£ -#-N, then f
sorresponds to a unique distribution homogeneous of degree 2 .
[f a=-7-N, then f corresponds to a distribution homogeneous
of degree a if and only if .[ f(w)S e)dQ for all gerriiiiz
1=N,N-2,... = 0.
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